The objective of the study is to develop a totally new theory and structural mechanics model for phonon dispersion analysis of carbon nanotubes. The fundamental theory and computational algorithm for phonon dispersion analysis of carbon nanotubes are developed based on the symplectic theory and algorithm established in applied mechanics in recent years. Carbon nanotubes are simulated by two kinds of structural mechanics models, i.e. the conventional sub-structure model and the inter-belt model. The variational principle for wave dissipation analysis of periodic structure is given on the basis of the symplectic-mathematical theory. Numerical examples are carried out to demonstrate the validity of the theory and algorithm developed. By the comparison of the results obtained by the two kinds of structural mechanics models, it can be found that the inter-belt model has more advantages than the conventional sub-structure model in the calculation of phonon spectra of nanotubes. As a basic research work, the present study illustrates well the potential of the symplectic-mathematical theory as well as the inter-belt model and is valuable for the further research in computational nanomechanics.
Introduction
Carbon nanotubes are tubular structures with nanometer diameter and micrometer length. It has been found that carbon nanotubes possess many interesting and exceptional mechanical properties. Many papers have also been presented to illustrate its remarkable electronic properties which allow carbon nanotube to be either semiconducting or metallic (Dresselhaus and Eklund, 2000; Liu et al., 2004; Zhang et al., 2005) . On the other hand, the phonon properties of nanotubes are also remarkable, showing unique one-dimensional behaviors and special characteristics, such as one-dimensional phonon subbands, the radial breathing and the twist 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 acoustic behaviors. Therefore, the analysis of phonon properties of carbon nanotubes is very important and is continuously investigated.
Because of the weak inter-planar interactions, the phonon dispersion relations for graphite in the basal plane provide a good approximation for the analysis of the 2D phonon dispersion relations of an isolated graphite plane, called as graphene sheet (Jishi et al., 1993) . From this assumption, the phonon dispersion relations of carbon nanotubes can be obtained from the 2D graphene sheet by using the same zone folding approaches (Jishi et al., 1993; Richter and Subbaswamy, 1997; Saito et al., 1998a) as those applied to find the 1D electronic dispersion relations (Saito et al., 1998b; Jishi et al., 1994) . Consequently, some homologous models such as the zone folding and symmetry-based force constant model (Jishi et al., 1993; Saito et al., 1998a,b; Charlier et al., 1998) , the tight binding (Menon et al., 1996; Yu et al., 1995) and ab initio methods (Kü rti et al., 1998; Sánchez-Portal et al., 1999) were adopted to calculate the phonon dispersion relations of nanotubes.
Li and Chou presented a molecular structural mechanics approach to simulate the deformation of carbon nanotubes (Li and Chou, 2003) . They indicated that a carbon nanotube is a geometrical frame-like structure and the primary bond between two nearest neighboring atoms acts just like a load-bearing beam member, whereas an individual atom acts as the joint of the related load-bearing beam members. So the dispersion relations of carbon nanotube can be understood as the vibrational properties of the nanostructure. Therefore, the frequency of the nanotube structure is very important in analyzing of phonon properties of carbon nanotubes because the phonon spectra (phonon dispersion relation) are related with the eigenvalues and eigenvectors of the structures. However, it is found that the beam model is an interface model where only the interaction of the nearest atoms is taken into consideration. If the interaction of next-nearest-neighbor atoms is necessary to be considered, the interface model will be infeasible on such problem. To overcome this deficiency, a new molecular structural mechanics model termed as ''inter-belt model'' is developed in the current research and the corresponding symplectic arithmetic is thus developed.
There are many mature theories and algorithms for eigenvalue calculation in applied mechanics. It is well known that the Lagrange equation, the Least action principle, the Hamilton canonical equations, the Canonical transformation, and the Hamilton-Jacobi theory compose of the basic theoretical framework of the classical analytical mechanics, and work also as the fundamental theories of statistical mechanics, electrodynamics and quantum mechanics, etc. (Zhong, 2004a,b) . In these theories, the Hamilton canonical theory provides really a duality system, which is composed of dual variables and dual equations. The transition from Lagrange to Hamilton system implies that the geometry correspondingly shifts from Euclidean to symplectic. As pointed out by Zhong (2004b) , the duality system method has many advantages in computational mechanics and can be consciously and systematically used in various problems of applied mechanics.
In this paper, by utilizing the molecular structural mechanics model and the theories and algorithms of symplectic system, a new method is proposed to calculate the phonon dispersion relations of carbon nanotubes. The method of solving symplectic eigenvalue problems and adjoint symplectic ortho-normality is applied to solve the vibrational problems of carbon nanotubes. On the basis of the dynamic stiffness matrix analysis, the phonon dispersion analysis is transformed into eigenvalue problem of symplectic matrix. The Wittrick-Williams (W-W) algorithm (Zhong, 2004b; Wittrick and Williams, 1971; Zhong and Williams, 1991) is used to calculate the eigenvalues of the dynamic problems. Numerical examples are given to test the theory and model developed. Compared with the results obtained by other theories, it is found that the dispersion relations in the low frequency field can be reasonably obtained by only using the structural mechanics model proposed by Li and Chou (2003) , but the results in the high-energy region present some differences. To overcome this deficiency, the inter-belt model is developed and the results are greatly improved in highenergy region. The dispersion relations in both the low-energy region and high-energy region are good agreement with those presented in the existing literatures. The inter-belt model and arithmetic, which are the emphases of this paper, are introduced in Sections 4 and 5, and the corresponding numerical results are given in Section 6. The numerical results in Section 6 exhibit the main work achievement of this paper.
Structural mechanics models of carbon nanotubes
A single-walled carbon nanotube (SWNT) can be viewed as a graphene sheet that has been rolled into a tube. The atomic structure of nanotubes can be described in terms of the tube chirality or helicity, which are respectively defined by the chiral vector C h = na 1 + ma 2 and the chiral angle h (see Fig. 1 ), where the integers n and m are the number of steps along the zigzag carbon bonds of the hexagonal lattice and a 1 , a 2 are unit vectors.
The graphene sheet model is adopted widely in the investigation of carbon nanotubes and many papers have been published in the past years. Some authors calculated the phonon dispersion relations by using the force constant parameters for two-dimensional (2D) graphite. However, the graphene phonon branches do not always give a correct dispersion relation for a carbon nanotube (Dresselhaus and Eklund, 2000) , especially in the low frequency region. Thus a space tube model (instead of the sheet model) is used in the present study to solve the phonon dispersion problem of carbon nanotubes.
The dispersion relations of carbon nanotubes can be understood as one dimensional periodic problem. Carbon nanotubes have fine axial symmetric and periodic properties. From the structural characteristics of carbon nanotubes, it is logical to anticipate that there are potential relations between the deformations of carbon nanotubes and frame-like structures. Different kinds of structural models have been developed in the past years, such as the beam model given by Li and Chou (2003) (see Fig. 2 ), the rod model suggested by Odegard et al. (2002) , and another rod model given by Leung et al. (2005) (see Fig. 3 ). Many structural characteristics of carbon nanotubes have been obtained via these approximate structural models. Li and Chou (2003) presented a molecular structural mechanics approach to modeling the deformation of carbon nanotubes, and deduced the simulated relation between space frames and carbon nanotubes (see Fig. 1 . Schematic diagram of a hexagonal graphene sheet (Thostenson et al., 2001) . Fig. 2 . Inter-atomic interactions in molecular mechanics (Li and Chou, 2003) . Fig. 2 ). The main idea of molecular structural mechanics stems from the observation of the geometrical similarities between carbon nanotubes and macroscopic frame structures. The covalent bonds are regarded as connecting beam elements between carbon atoms and the atomic nuclei can be treated as material joints of the beam elements. The covalent bond between carbon atoms as an equivalent beam is modeled by molecular mechanics.
It can be found that the entire phonon dispersion relations of carbon nanotubes cannot be correctly calculated only by the beam model (Li and Chou, 2003) , see the numerical results in the Appendix A. The similar phenomenon can also be observed in the pure rod model. Hence a new structural mechanical model, i.e., the inter-belt model, is introduced in this paper, see Fig. 4 , where the interactions of next-nearest-neighbor atoms and diagonal atoms are taken into consideration. Obviously, the region (interface) between the two basic substructures of carbon nanotube presents multi-layer behavior.
The molecular structural mechanics models are improved for analyzing the dynamic properties of carbon nanotubes. The phonon dispersion relations are calculated by using the theories and algorithms under the framework of symplectic system. The basic theories and arithmetic of symplectic system are introduced first in the next section, which can be overleaped for whom is not familiar with the symplectic system or is not care of the derivation of the theory.
3. Basic theories and algorithms of periodic structure based on symplectic system
The phonon dispersion relation is an important characteristic of carbon nanotubes. Different methods have been developed to calculate the phonon dispersion relations, such as tight binding model, zone folding and symmetry-based force constant model and ab initio calculation (Dresselhaus and Eklund, 2000; Huang, 1988) . The dispersion relations of carbon nanotubes can also be related with vibrational analysis of periodic structure. Thus, in the following description, the algorithm which was used in analytic structural mechanics to deal with dispersion relations of periodic structure is introduced at first, and then the symplectic methods are investigated for the calculation of phonon dispersion relations of nanotubes.
In the current research, the vibration equations of periodic structure are derived by using the analytical dynamics approach. For the no damping free vibration problems, by using the Lagrange function L = T À P, the vibration equation of multi-degrees freedom dynamic system can be expressed as
where q denotes the n-dimensional vector of displacement, M denotes an n · n symmetric mass matrix and K is an n · n symmetric stiffness matrix. There are only two terms in the dynamic equation, so the method of separation of variables can be applied to solve the problem. Let q(t) = w AE f(t) where f(t) is a scalar function of time, and the n-dimensional vector w represents how the displacement varies with the component number i, 1 6 i 6 n, then substituting q into Eq. (1) derives
where K is usually a non-negative definite matrix. Because the right-hand side relates only to the component number i, but does not depend on time t, so does the left-hand side, hence the following equality holds, i.e. Àð € f =f Þ ¼ x 2 , where x 2 is a constant. Furthermore, the solution of the function f(t) can be given as f(t) = A cos xt + B sin xt, then the eigen-equation for the generalized eigenvector w is obtained
The characteristic equation for eigenvalue x 2 is then expressed as
which is an n-degrees polynomial equation for x 2 . For a given x 2 # , the expression Rðx
is usually called as dynamic stiffness matrix (Leung, 1993) , which is x dependent and often used in the description of wave propagation and vibration problems. From the mathematical view point, the dynamic stiffness matrix has an important index, i.e. the eigenvalue count, which is given as follows: for a given x 2 # and coefficient matrices M and K, the n eigenvalues x 2 i (i = 1,2,. . . , n) of the natural vibration system are subdivided into two groups
where the number m is the eigenvalue count. It is can be proved that the sign change of the Sturm sequence of the dynamic stiffness matrix Rðx 2 # Þ equals to the number m of eigenvalues x 2 k < x 2 # for the original system (Zhong, 2004b) . Hence utilizing the connection between eigenvalues and eigenvalue count, some algorithms such as Wittrick-Williams arithmetic (Wittrick and Williams, 1971; Zhong and Williams, 1991) can be used to calculate arbitrary eigenvalues of the eigen-equation (4).
Suppose the periodic structure is composed of the sub-structures numbered j = . . . ,À1, 0, 1, 2, . . . in order, the external displacement of the jth sub-structure can be expressed by the two end displacement vectors {q j À 1 , q j }. Educing the dynamic stiffness matrix R (j) of basic sub-structure and blocking partition it by internal part and external part (see where the subscript a means the left external part of the sub-structure, whereas the subscript b means the right external part of the sub-structure. Dynamic potential energy of the system can be expressed as
where U j ðq jÀ1 ; q j ; x 2 # Þ is the dynamic potential energy of the basic sub-structure. The variational principle means that dU 0 = 0 holds, and the dynamic equation in frequency domain is given as
By introducing the dual variable vector p j + 1 of the displacement vector q j + 1 , i.e.
then the dual equations can be written as
where the coefficient matrices are given as With defining of the state vector v j for the periodic structure
and by using of Eq. (12), we have 
It can be easily verified that the transfer matrix S in Eq. (14) is a symplectic matrix, i.e.
For the periodic structure, if all the sub-structures are the same with each other, then the mixed energy matrix j) and transfer matrix S (j) will be the same in each sub-structure too. Therefore, the superscript (j) is omitted in the following derivations.
The transformation from state vector v j À 1 to state vector v j has canonical property. By using the separation variable method, it has
where w is a 2n-dimensional vector and u j is a scalar function. Substituting (17) into (14) derives
Because the same sub-structures have the same transformation matrix S, the right hand side of Eq. (18) is independent on subscript j, and u j /u j À 1 = l must be a constant. The following equations are thus derived
where l, w are defined as the eigen-solutions (eigenvalues and eigenvectors) of the eigenvalue problem (20).
The eigenvalue problem of a symplectic matrix S has some special features. One of these features is that both l and l À1 are eigenvalues of the symplectic matrix S. Therefore, the 2s eigenvalues can be classified as two classes (Zhong, 2004b; Zhang et al., 2006a) 
The eigen-solutions corresponding to l i and l s + i are termed as mutually symplectic adjoint. The eigenvectors of symplectic matrix have relations
Hence, the two eigen-solutions i 1 , i 2 = s + i 1 are symplectic adjoint, for which an multiplier derives the adjoint eigenvectors symplectic normalized; otherwise i 2 5 s + i 1 , the eigenvectors must hold the symplectic orthogonality relations. Eq. (22) can thus be rewritten as
which is termed as adjoint symplectic ortho-normality relation. The solution for propagating waves of periodic crystal lattice with infinite length requires jlj = 1, otherwise the waves will scatter at infinity. Therefore, l can be defined as
Substituting (24) into (19) gives q j = ql j , hence the dynamic equilibrium equation becomes
which is called as simultaneous equation. The significant solutions of (25) must satisfy the characteristic equa-
which is a transcendental eigenvalue equation and the eigenvalues x # can be calculated when h is given. However, it is also noticed that the eigenvalues obtained from (26) are not all the eigenvalues of the structure. The eigenvalues corresponding to the internal vibration of the sub-structure can be understood as optical branches and cannot be educed directly from Eq. (26). This problem can be solved by using eigenvalue count method. In this case, the eigenvalue count of periodic structure can be expressed as
where
and R ii is the internal part of the dynamic stiffness matrix R (j) (Zhong, 2004a) . Therefore, given different h (or reduced wave vector k), all the eigenvalues can be calculated by using the Wittrick-Williams arithmetic (Zhong, 2004b; Wittrick and Williams, 1971; Zhong and Williams, 1991) .
To illustrate correctness of the theory and arithmetic presented above, a simple numerical example is calculated at first. Fig. 6 shows a one-dimensional infinite atoms chain, which is generally used in the vibration analysis of crystal lattice. It is supposed that the distance of a sub-structure (unit cell) in crystal lattice is l when the atoms chain is in equilibrium state. The same atoms with mass m 3 locate at the boundary of the sub-structure and are numbered by j = . . . ,À1, 0, 1, 2, . . . in order. Then the partitioned dynamic stiffness matrices of the periodic structure have the following forms
By using the algorithms mentioned above, the phonon dispersion relations of this periodic atom chain are obtained. The results are shown in Fig. 7 . When all the atoms have the same masses, i.e. m 1 = m 2 = m 3 , a simple dispersion relationship can be obtained
It is clear that the dispersion relationship can be satisfied only when the frequency belongs to a finite range. This means that there is an energy band in the frequency range from 0 to 2 and there are no eigenvalues outside this band. The numerical results are shown in Fig. 8 . It can be found the results in Fig. 8 are very consistent with the analytical expression given in Eq. (30).
Remark 1. The model presented above assumes the mutual force only exists between the two adjacent atoms (j and j ± 1). However, if the energy between atom j and the atom j ± 2 (with a distant of two layers) is taken into consideration, then the interface structure changes to inter-belt form. This will lead us a quite new problem which needs to be solved by the so called inter-belt model and algorithm (Zhang et al., 2006b) . Detail discussion about this problem will be given in Sections 4 and 5. 
Inter-belt model
The general expression of the total steric potential energy of carbon nanotubes, omitting the electrostatic interaction, is a sum of energies due to valence or bonded interactions and non-bonded interactions (Rappe et al., 1992 )
where U r is for the bond stretch interaction, U h is for the bond angle bending, U / is for the dihedral angle torsion, U x is for an improper (out-of-plane) torsion, U vdw is for a non-bonded van der Waals interaction (Rappe et al., 1992) . It is noticed that the van der Waals interaction is ignored in the molecular mechanic model presented by Li and Chou (2003) .
As mentioned in the second section, those energies can be simulated by a beam element or rod element in a space frame (see also Figs. 2 and 3) . However, the numerical results obtained only by using the conventional space frame model (Li and Chou, 2003) show that this structural model cannot calculate the correct results in the high-energy region in phonon dispersion analysis (see the results given in Appendix A). All the results in high-energy region area present large values compared with the results presented by the other authors. This means that rigidity of the structural model (Li and Chou, 2003) may be a little larger. There must have some mechanics characteristics which have not been included or were incorrectly referred in the structural mechanics model. So a new model needs to be investigated to educe better results.
Remark 2. The spacial truss model given by Leung et al. (2005) and Odegard et al. (2002) are also implemented by us under the framework of symplectic theories for the phonon dispersion analysis. However, the obtained results are opposite to what have been observed in the pure frame model. The numerical results show that the truss model can educe better results in high-energy region, but this is not true for the case of low frequency. To short the paper, the results of the spacial truss model will not be given and discussed in more detail here. Our attention is on the developing of the inter-belt model, which will be described as follows.
Synthetically consider the two models described in previous sections, we propose a new structural model which consists of both beam elements and truss elements (see Fig. 4 ). The bond stretch interaction between nearest two atoms is simulated by a beam element in which the dihedral angle torsion and out-of-plane torsion are also considered. To reduce the rigidity of the model, the sectional stiffness parameters chosen in the new model are a little lower contrast to the model given Li and Chou (2003) , especially the bending stiffness is largely reduced. In Fig. 4 , truss elements I are placed between the next-nearest-neighbor atoms to compensate the reduction of the bending stiffness. Truss element II is placed between the diagonal atoms to model the nonbonded van der Waals interactions.
The molecular potential energies of bond stretch interaction U r and the bond angle bending U h of the structural model shown in Fig. 4 are expressed as
where R a and H, r a and h are, respectively, the undeformed length of bond and bond-angle, and the deformed ones, R b and r b are the undeformed length of next-nearest-neighbor atoms and the deformed one. E a A and E a I are the stiffness parameters of the beam element, and E b A is the stretch stiffness of the next-nearest-neighbor truss element. Hence the bond stretch energy is simulated by the stretch energy of beam element, the bond angle bending energy is the sum of the bending energy of the beam element and the stretch energy of truss element I.
If it is assumed that the changes in bond angle are small, then it can be easily shown that the following condition holds (Odegard et al., 2002) 
Substituting (33) into (32) gives
Given K q , K h , the stretch stiffness E a A can be confirmed. The determination of E a I and E b A has many combinations. Better results can be obtained via selecting reasonable stiffness parameters.
The non-bonded van der Waals interactions are often modeled using the general Lennard-Jones ''6-12'' potential (Lennard-Jones, 1924)
Suppose the vibration between two truss-connected atoms is microvibration, the stretch stiffness of the truss element can be approximated to a constant in a small vibration region 
The stretch stiffness of truss element II is thus obtained
The non-bonded van der Waals energy of the next-nearest-neighbor atoms can also be approximated as a small constant, which is included in the stretch energy of truss element I as a small part. The stiffness parameters of conventional structural models are educed from the force constant values based upon the experience for graphite sheets. However it can be noticed that the force constants of carbon nanotubes and graphite sheets are different with each other. Therefore, based on large numbers of numerical tests, the modified force constants are used to simulate the carbon nanotubes instead of the original force constants of graphite sheets. The stiffness parameters used in this paper are shown in Table 1 .
From Table 1 , compared with the stiffness parameters given by Li and Chou (2003) , Leung et al. (2005) and Odegard et al. (2002) , it can be observed that the stretch stiffness and bending stiffness of beam element are reduced but the torsion stiffness is unchanged. Two truss elements are added to compensating the reduced stiffness.
Hence, the corresponding molecular force field constants K q , K h adopted in the inter-belt model are As a result of adding truss elements between the next-nearest-neighbor atoms and the diagonally atoms, the region (interface) between two basic sub-structures of carbon nanotube presents multi-layer behavior. This means that the connection region of the two nearest sub-structures will no longer be a pure line or plane, but a region with a certain width, named inter-belt in Zhang et al. (2006b) , where the inter-belt theory and the corresponding algorithm under the framework of symplectic system for sub-structure analysis were systematically developed. The inter-belt theory is extended here for the phonon dispersion analysis of nanotubes. A brief introduction of the theory will be given in the next section.
Inter-belt analysis of sub-structure
The FEM theory points out that the connection between a finite element structure and its neighbor is generally via the displacement at the interface between the two structures. Extending to sub-structure analysis, the sub-structures are also connected with each other by an interface with no thickness. The nanotube model given in Section 2 is a periodic structure, and the matrices M and K of the sub-structures can be easily obtained via FEM method (see Fig. 9 ). The interfaces at left and at right sides of the sub-structure have only one layer of atoms, and can be termed as interface of the sub-structures, since the thickness of one atom can be regarded as infinitesimal.
When the interactions between the next-nearest-neighbor atoms and the diagonal atoms are taken into account, the interface structural model changes to inter-belt model, see Fig. 10 . The external variables of the sub-structure are not located on a surface anymore, which means subdividing a global structure into substructures, the boundaries between sub-structures are no longer infinitesimal thickness interface but should be a layer with appropriate thickness and is termed as inter-belt. The inter-belt of the structural model used in the current research is composed of two-layers of carbon atoms, see Fig. 10 . The inter-belt analysis can take benefits from the well developed interface method. Since the inter-belt substructure model is composed of two-layers atoms, we can renumber the atoms layers as . . . , À1, À0.5, 0, 0.5, 1, 1, 5, 2, . . . , see Fig. 10 , and the inter-belt can be denoted by integers: j = . . . , À1, 0, 1, . . . For example, the inter-belt j = 2 comprises two atoms layers: 1.5, 2. The displacement vector of inter-belt structure can be expressed as
The global structure is subdivided into collection of sub-structures with neither elements being repeated nor dropped. Since the subdivision of sub-structures, there is no overlap between the two ends of inter-belt. Hence the usual elimination method of sub-structure is applied here. So the external stiffness matrix R 0 oo ðx 2 # Þ can be obtained via elimination of internal variables. Thus all the formulae educed in Section 3 can be applied in inter-belt structure via replacing q j byq j . Note that there should have no common points in the two end interbelts of the sub-structure. Hence the condensation of internal variables for inter-belt sub-structure is the same as that in the usual interface sub-structure algorithm, except changing interface to inter-belt.
Remark 3. The basic concept of the inter-belt sub-structural analysis is actually the same as that of the usual sub-structural analysis. Since the structure holds fly-over elements, only an interface cannot cut off the whole structure into two separate parts. Thus the first step in analysis is to identify the inter-belts and subdivide the structure into sub-structures, and the next step is the usual FEM sub-structural analysis with the inter-belt replacing the interface displacements.
Numerical results of phonon dispersion relations for carbon nanotubes by inter-belt model
The phonon dispersion relations are computed by using the inter-belt model and the symplectic method described above. As examples, four different carbon nanotubes are computed in this section.
Example 6.1. Phonon dispersion relations of (10, 10) carbon nanotube
The results of (10, 10) carbon nanotube have been quoted in many papers (Dresselhaus and Eklund, 2000; Popov and VanDoren, 2000; Wu et al., 2005) , so the phonon dispersion relations of (10, 10) carbon nanotube are calculated firstly. The basic sub-structure of (10, 10) armchair carbon nanotube based on inter-belt model is show in Fig. 11 . The phonon dispersion relations of (10, 10) carbon nanotube are shown in Fig. 12 .
From the results shown in Fig. 12 , it can be found that the phonon dispersion relations both in low-energy region and in high-energy region, calculated by using the inter-belt model and the symplectic method are good agreement with the results given by the other authors. For (10, 10) nanotube, there are 2N = 40 carbon atoms Fig. 11 . Sub-structure of (10, 10) armchair carbon nanotube. (a) (10, 10) carbon nanotube; (b) basic unit; (c) basic sub-structure.
per circumferential strip (per basic sub-structure). Hence, there are 120 vibrational degrees of freedom, but because of mode degeneracies, there are only 66 distinct phonon branches, of which 12 modes are non-degenerate and 54 are doubly degenerated, just like the results given by Dresselhaus and Eklund (2000) , see Fig. 12(c) .
Example 6.2. Phonon dispersion relations of (5, 5) carbon nanotube Different armchair carbon nanotubes have the same basic unit (see Fig. 11 ), hence the basic sub-structure of (5, 5) armchair nanotube is similar to the (10, 10) armchair carbon nanotube and is not illustrated here again. The dispersion relations of (5, 5) carbon nanotube are shown in Fig. 13 . (2000); (c) results presented by Dresselhaus and Eklund (2000) . Example 6.3. Phonon dispersion relations of (10, 0) and (12, 0) zigzag nanotubes
The basic sub-structure of (10, 0) zigzag nanotubes is shown in Fig. 14 . The dispersion relations of this nanotube are shown in Fig. 15 . Just like armchair nanotubes, the zigzag nanotubes have the same basic unit and similar sub-structure, so the sub-structure of the (12, 0) zigzag carbon nanotube is not illustrated here either. The dispersion relations of (12, 0) zigzag nanotubes are shown in Fig. 16 .
Form Figs. 15 and 16, it can be found that the phonon dispersion relations of zigzag carbon nanotube calculated by using the inter-belt model are better than the results obtained by the pure frame model (see also the results given in Appendix A).
Remark 4. The phonon dispersion relations of chiral nanotubes can also be calculated by utilizing the methodology presented above. The chiral nanotubes are also periodic structures, so they can be divided by a series of the same sub-structures. Hence the symplectic theories and W-W arithmetic can also be utilized in the calculation of vibration problems of chiral nanotubes. However, it is found that compared with armchair or zigzag nanotubes the basic sub-structure and external inter-belt of chiral nanotubes are more complex and bring some difficulties in calculation such as the inter-belt partition and increase of the degrees of freedom, etc. The problem is addressed here and the research work is under going. We hope that the numerical results can be obtained soon and reported in another paper.
Remark 5. Compared with traditional structural models, the phonon dispersion relations obtained by interbelt model are more reasonable. However, the work presented in the current research is just in the first step of development, there are still many open questions need to be studied and answered in the future. In fact, the interatomic interactions up to the fourth-nearest neighbors have been shown to be essential in the early tightbinding calculations (Jishi et al., 1993) . Dubay and Kresse (2003) presented the interatomic interactions up to the twentieth-nearest neighbors. If the interatomic interactions up to the fourth-nearest neighbors are taken into account in the inter-belt model, the width of sub-structures and inter-belts will increase, and the most important thing is to find appropriate structural elements and corresponding stiffness parameters to simulate the interatomic interactions between the fourth-nearest neighbors. The structural model will become more complex if the fifth-nearest or farther neighbors are taken into account. Besides, the inter-belt model cannot capture the Kohn anomalies of metallic carbon nanotubes (Popov and Lambin, 2006; Piscanec et al., 2006) , owing to that the effect of electron-phonon coupling is not taken into account in the inter-belt model. As a open problem, further research work is necessary so that the electron-phonon interaction can be considered in the model developed.
Conclusions
A totally new computational method and molecular structural mechanics model for the numerical simulation of phonon dispersion relations of nanotubes is developed. The computational method developed is based on the symplectic theories founded in applied mechanics. Carbon nanotube is modeled by both of the pure frame and inter-belt structure models. The variational principle for wave dissipation of periodic structure is investigated and the sub-structure method is developed under the framework of the symplectic-mathematical theory. Numerical examples are computed to demonstrate the validity and efficiency of the theory and algorithm developed. Compared the numerical results obtained by the pure frame model, it is found that the inter-belt structure model has many advantages in calculating phonon spectra of nanotubes.
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where K q , K h and K s are the molecular force field constants of a carbon-carbon chemical bond in stretching, bending and torsion, respectively. These force field constants are chosen based on the experiment with the graphite sheets:
rad À2 = 0.438 nN nm. The force constant K s is adopted as K s = 20 kcal mol À1 rad À2 = 0.139 nN nm. EA, EI and GJ are the cross-sectional properties of a beam element in tension or compression, bending and torsion, respectively. R is the length of the equivalent beam, which is also the bond length. Eq. (A1) establishes the foundation of applying the theory of structural mechanics to the modeling of carbon nanotubes. By using the sectional stiffness parameters EA, EI and GJ and the solution procedure of stiffness matrix method for frame structures, the deformation and related elastic behavior of carbon nanotubes at the atomic scale can be simulated.
Three numerical examples are computed in this section to illustrate the features of the symplectic theory and interface model mentioned above. The section properties of the beam elements are shown in Table A1 . Example A.1. Phonon dispersion relations of (10, 10) carbon nanotube By utilizing the space frame model and the arithmetic of symplectic theories proposed in the current research, the phonon dispersion relations are obtained, see Fig. A1(a) . As comparison, the results given by other authors are shown in Figs. A1(b) and (c). The low-energy phonon dispersion relations for (10, 10) nanotube are shown in Fig. A2(a) .
It can be found that the low-energy phonon dispersion relations calculated by the symplectic method are good agreement with results given by Popov and VanDoren (2000) and Dresselhaus and Eklund (2000) .
Example A.2. Phonon dispersion relations of (5, 5) carbon nanotube
The dispersion relations of (5, 5) carbon nanotube are shown in Fig. A3(a) . Similar to the results of (10, 10) carbon nanotube, the results of low-energy phonon dispersion relations are very good, but the results in highenergy region are larger than the results given by other authors, see Fig. A2(b) (Sauvajol et al., 2002) . dispersion relations of (10, 0) nanotube. The dispersion relations of (12, 0) zigzag nanotubes are shown in Figs. A6(a) and (b) . Fig. A6(b) is the results given by Maultzsch et al. (2002) . The low-energy phonon dispersion relations of (12, 0) nanotube are shown in Figs. A7(a) and (b). It can be observed that the results obtained in low-energy region are also good agreement with those presented in the existing literatures.
From the descriptions presented above, it can be found that all the formulae for the phonon dispersion analysis are deduced in symplectic system without introduce any approximation and the W-W arithmetic used to solve the characteristic equation of the phonon dispersion problem exhibits very high precision in the computation. However, from the computational results, we can find that the low-energy dispersion relations calculated by the symplectic method are similar to the results reported by other authors and the mode degeneracies are exact the same, but the dispersion relations in high-energy region are some different with the results given in literatures. These phenomena are owing to the veracity of the structural mechanics models used in the computation. The structural mechanics models used here are approximate models of carbon nanotubes and cannot accurately describe all the characteristics of the carbon nanotubes. In fact, the carbon nanotubes with different tube diameters will have different rigidities, and different chiralities also bring different rigidities of the tubes. But we use the same rigidity in all the computations. This means also that the structural mechanics models used in the simulation need to be improved and high precision structural models of nanotubes are necessary for the phonon dispersion analysis. Hence the inter-belt model is introduced.
